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Abstract
In this technical note we introduce a manifestly gauge-invariant and supersymmetric
procedure to regularize and renormalize one-loop divergences of chiral multiplets in two-
dimensional N = (2, 2) theories in curved spacetime. We apply the method, a version
of Pauli-Villars regularization, to known examples of supersymmetric localization and
demonstrate that the partition functions are renormalized.
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1 Introduction: supersymmetric regularization
and countererms for a chiral multiplet
In this note we explain how a version of Pauli-Villars (PV) regularization can be used
for the one-loop determinant of an N = (2, 2) chiral multiplet coupled to background
gauge and gravity multiplets. The relevant facts about N = (2, 2) rigid supersymmetry
and supergravity are summarized in Appendices A and B, respectively.
Though the gauge and the gravity multiplets are treated as non-dynamical here,
one may promote them to dynamical fields. An application is discussed in [1].
1.1 Pauli-Villars regularization
A simple choice of supersymmetric regularization is a version of Pauli-Villars regular-
ization.1 Let us consider a chiral multiplet with charge +1 for the flavor symmetry
group U(1)F and the complex central charge z. Often in a supersymmetric background,
the complex scalar σ in the non-dynamical U(1)F vector multiplet is constant; in that
case σ is called the twisted mass. In order to regularize the one-loop amplitudes, we
1A similar regularization method would be to add fictitious chiral multiplets with the usual statistics and
let them couple to U(1)F in such a way that the charges add up to zero. In order to make the regulator
multiplets heavy, we introduce another symmetry U(1)extra, under which the original fields are neutral but
the charges of the regulator fields are non-zero and sum to zero. We would then use U(1)extra to introduce a
large twisted mass and integrate out the regulator multiplets. We should be able to remove the divergences
by supergravity counterterms. See [2] for a use of similar regularization. A difference from the PV method
is that bosonic and fermionic determinants are not separately regularized.
2
add to the action supersymmetric kinetic terms for extra 2NPV − 1 chiral multiplets
such that NPV − 1 of them have the usual statistics, and the remaining NPV have
the opposite statistics. We let the index J run from 0 to 2NPV − 1, and j from 1 to
2NPV − 1. We use ǫJ = ±1 to denote the statistics, +1 and −1 for the usual and the
opposite, respectively. We set ǫ0 = +1.
ǫJ = +1 ǫJ = −1
scalar component boson fermion
spinor component fermion boson
auxiliary field component boson fermion
Let the j-th multiplet have an integer charge bj under U(1)F. In order to make the
regulator fields very heavy, we couple them to another vector multiplet for an abelian
symmetry U˜(1)PV, under which the j-th PV multiplet has charge aj. We take this
symmetry group to be non-compact, U˜(1)PV = R rather than U(1), so that aj do not
have to be an integer.2 For convenience we take aj to be positive: aj > 0. For the
vector R-symmetry, we assign R-charge cjq to the j-th PV multiplet. We set a0 = 0,
b0 = 1, and q0 = q. We denote the complex scalar in the U(1)PV vector multiplet
by Λ. As we will see, σ and Λ can be constants or non-trivial functions in spacetime,
depending on the supergravity background.
J = 0 J = j ∈ {1, . . . , 2NPV − 1}
physical unphysical (PV ghosts)
ǫ0 = +1 ǫj = ±1
a0 = 0 aj ∈ R− {0}
b0 = +1 bj ∈ Z
twisted mass σ twisted mass ajΛ+ bjσ
R-charge q0 = q R-charge cjq
The one-loop determinants to be discussed, (2.9) and (3.9), in SUSY localization
are regularized if we impose the linear constraints∑
J
ǫJ =
∑
J
ǫJaJ =
∑
J
ǫJbJ =
∑
J
ǫJcJ = 0 . (1.1)
An analysis with the heat kernel or the explicit enumeration of eigenvalues shows that
we can regularize the bosonic and fermionic determinants independently if we impose
the quadratic conditions3∑
J
ǫJa
2
J =
∑
J
ǫJb
2
J =
∑
J
ǫJc
2
J =
∑
J
ǫJaJbJ =
∑
J
ǫJbJcJ =
∑
J
ǫJcJaJ = 0 . (1.2)
2Alternatively, we can introduce for each j a U(1) vector multiplet whose scalar component is identified
with ajΛ. This leads to the identical expressions for regularized partition functions.
3We can for example take NPV = 3, (ǫ1, . . . , ǫ5) = (+1,+1,−1,−1,−1), bj = cj = 1 for all j, and
(a1, . . . , a5) = (3, 3, 1, 1, 4).
3
For later convenience we define the following combinations of parameters.
C0 :=
∏
j
|aj |−ǫj , (1.3)
C1 :=
∑
j
ǫjbj log |aj| , C2 :=
∑
j
ǫjaj log |aj | , C3 :=
∑
j
ǫjcj log |aj | . (1.4)
Ξ1 :=
∑
j
ǫjbjsgn(aj) , Ξ2 :=
∑
j
ǫj|aj | , (1.5)
Ξ3 :=
∑
j
ǫjcjsgn(aj) , Ξ4 :=
∑
j
ǫjsgn(aj) . (1.6)
1.2 A counterterm action for the chiral multiplet
At the classical level, a field theory is specified by the action functional. To define
a theory at the quantum level, one must specify the counterterms in addition to a
regularization method. We now propose a counterterm action Sct which, combined
with the Pauli-Villars regularization above, defines unambiguously the theory of a
chiral multiplet in the background of gauge and gravity multiplets. Let us denote the
renormalized action for the background fields by Sren and the regularized one-loop
determinant by ZPV1-loop. The partition function, which is a functional of the gravity
multiplet and the U(1)F gauge multiplet, is given as
Z[gµν , σ, vµ, . . . , fermions] = lim
Λ→+∞
e−Sren−SctZPV1-loop . (1.7)
The limit Λ→ +∞ is taken pointwise when Λ is not constant in spacetime.
We will give the counterterm action Sct in terms of a twisted superpotential W˜ct.
As is well known a twisted chiral multiplet can be formed from a gauge multiplet. The
scalars σ and Λ are the bottom components of the U(1)F and U˜(1)PV gauge multiplets.
As reviewed in Appendix B.3 the gravity multiplet also gives rise to a twisted chiral
multiplet4 whose scalar component is denoted as Ĥ.
Let µ > 0 be an arbitrary (renormalization) mass scale. Our counterterm action
Sct is constructed from the twisted superpotential
W˜ct(σ, Ĥ,Λ) = − Ĥ
8π
∑
j
ǫj log
iajΛ
µ
+
1
4π
∑
j
ǫj(ajΛ+ bjσ +
cjq
2
Ĥ) log ajΛ+ bjσ +
cjq
2 Ĥ
µ e
(1.8)
4The gravity multiplet contains a gauge field ARµ for the vector R-symmetry, and one can construct the
corresponding gauge multiplet from the fields in the gravity multiplet. The R-symmetry gauge multiplet
then gives rise to a twisted chiral multiplet whose scalar component is Ĥ (up to a multiplicative numerical
factor). Ĥ differs from the graviphoton field strength H by terms involving gravitini.
4
by applying the rule (A.15). We choose the branch cut of the logarithm to be along the
negative real axis. In later sections we demonstrate that the counterterm action given
by (1.9) successfully regularizes the one-loop determinants obtained by supersymmetric
localization. This is the main result of this note.
The second term in (1.8) is essentially minus the familiar effective twisted super-
potential from integrating out massive chiral multiplets [3]; here they are coupled to
the gauge multiplets not only for the usual U(1)F symmetry, but also for the U˜(1)PV
and R-symmetries. The requirement of supersymmetry and gauge symmetry does not
fix the counterterm completely; in including iaj in the first term, we made a particular
choice for the finite counterterm.
To exhibit more features of (A.15), we expand it in 1/Λ, assuming that Λ > 0.
W˜ct(σ, Ĥ,Λ) = 1− q
8π
Ĥ log Λ
µ
+
1
4π
(
C1 − log Λ
µ
+ i
π
2
Ξ1
)
σ
+
1
4π
(
C2 + i
π
2
Ξ2
)
Λ+
q
4π
(
C3 + i
π
2
Ξ3
) Ĥ
2
+
1
4π
(
logC0 − iπ
2
Ξ4
) Ĥ
2
+O(Λ−1) .
(1.9)
The first term of (1.9) gives, via the relation (A.15), the supersymmetrization of the
well-known counterterm
cˆUV
8π
∫
d2x
√
g R log
Λ
µ
(1.10)
in the action, where cˆUV = 1−q is the UV central charge and R is the scalar curvature.5
The second term describes the renormalization of the FI parameter and the theta
angle for U(1)F; it implies that the renormalized couplings (r(µ), θ) and the bare
couplings (r0(Λ), θ0) are related as
6
log
Λ
µ
− C1 + r(µ) = r0(Λ) , θ + π
2
Ξ1 = θ0 . (1.11)
Similarly the terms in the last two lines renormalize the FI-θ couplings for U˜(1)PV and
R-symmetry. See (B.29).
In Appendix C we demonstrate by a flat space computation that the counterterm
indeed cancels the divergence in the effective FI-parameter. We also show that the
relation (1.11) gives rise to the standard σ-dependent effective FI-parameter [3]. Using
r(µ) and θ we define the complexified FI parameter
t = r − iθ . (1.12)
The part of the renormalized action Sren that survives in localization calculations
below is the FI and the theta terms, both of which can be represented by the twisted
superpotential −tΣ/4π.
5In our convention R = +2/ℓ2 for the round sphere of radius ℓ.
6The renormalized FI parameter r(µ) is the coefficient of D/2π in Lren, while the bare parameter r0(Λ)
is the corresponding coefficient in Lren + Lct, where the action S and the Lagrangian L are related as
S =
∫
d2x
√
gL. See (A.13).
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2 SUSY sphere partition function
In this section we apply our renormalization procedure to the two-dimensional sphere
partition function [4, 2]. Let us write σ = σ1 + iσ2, σ = σ1 − iσ2. The supergravity
background is given in our convention as
ds2 = f(θ)2dθ2 + ℓ2 sin2 θdϕ2 , 0 ≤ θ ≤ π , (2.1)
z = z = 0 , AR =
1
2
(
1− ℓ
f
)
dϕ , H = H = − i
f
, (2.2)
vr = 0 , vϕ =
B
2
(1− cos θ) , Vϕ = −q
2
(
1− ℓ
f
)
, (2.3)
σ1 = const. , D = − i
f
σ1 , σ2 = −B
2ℓ
, (2.4)
with vanishing gravitini. Here B ∈ Z. The function f(θ) is assumed to sasisfy
f(π − θ) = f(θ) , f(θ) ≃ ℓ+O(θ2) (2.5)
and is otherwise arbitrary. For the PV gauge multiplet we have, in analogy with (2.4),
DPV = − iΛ
f
, Λ = constant > 0 . (2.6)
The SUSY parameters in the convention explained in the appendix are(
ǫ−
ǫ+
)
=
(
e−iϕ sin θ2
− cos θ2
)
,
(
ǫ−
ǫ+
)
=
(
− cos θ2
eiϕ sin θ2
)
. (2.7)
The computations in [4, 2, 5] for a single chiral multiplet give a formal, i.e., non-
convergent, expression for the one-loop determinant as an infinite product:
ZSUSY1-loop “=”
∞∏
n=0
n+ 1 + 12 |B| − σˆ
n+ 12 |B|+ σˆ
. (2.8)
Here σˆ = iℓσ1 +
q
2 . The PV-regularized version is
ZSUSY1-loop, reg =
∞∏
n=0
[
n+ 1 + 12 |B| − σˆ
n+ 12 |B|+ σˆ
∏
j
(
n+ 1 + 12 |bjB| −Mj
n+ 12 |bjB|+Mj
)ǫj]
, (2.9)
where
Mj ≡ cj q
2
+ iℓ(ajΛ+ bjRe(σ)) . (2.10)
With the Pauli-Villars ghost contributions, the infinite product (2.9) is absolutely
convergent if the constraints (1.1) are satisfied. We can express (2.9) in terms of gamma
functions using the infinite product formula
Γ(z + 1) = e−γz
∞∏
k=1
e
z
k
1 + z
k
. (2.11)
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We remove the absolute value signs, |B| → B, by applying the equality Γ(x− k2 )/Γ(1−
x− k2 ) = (−1)kΓ(x+ k2 )/Γ(1 − x+ k2 ) for integer k.7 We obtain
ZSUSY1-loop, reg =
Γ(σˆ + B2 )
Γ(1− σˆ + B2 )
∏
j
(
Γ(Mj + bj
B
2 )
Γ(1−Mj + bj B2 )
)ǫj
= C0e
ipi
2
Ξ1Be(C3−C1)qe2C1σˆe2iC2ℓΛ(ℓΛ)1−2σˆ
Γ(σˆ + B2 )
Γ(1− σˆ + B2 )
(
1 +O(Λ−1)) ,
(2.12)
where the second line is valid for Λ ≫ ℓ−1. The final partition function for a chiral
multiplet is
ZSUSY = lim
Λ→∞
e−Sren−SctZSUSY1-loop, reg
= e−Sren(ℓµ)1−2σˆ
Γ(σˆ + B2 )
Γ(1− σˆ + B2 )
= e−iBθe4πi[r(µ)−
1
2pi
log(ℓµ)]ℓRe σ(ℓµ)1−q
Γ(σˆ + B2 )
Γ(1− σˆ + B2 )
.
(2.13)
Here σˆ = iℓRe(σ) + q2 .
A convenient choice that gives a simple formula is to take µ = 1/ℓ. Then
ZSUSY = e4πire−iBθ
Γ(σˆ + B2 )
Γ(1− σˆ + B2 )
. (2.14)
This is the formula that is often quoted in the literature.
For large mass Re σ we can further integrate out the physical chiral multiplet and
shift the theta angle. The sign of the shift is correlated with the sign of the mass (as
in the discussion of topological insulators).
3 A-twisted theory with omega deformation
The next example is a chiral multiplet in the omega-deformed A-twisted theory.
Let us consider the two-sphere with metric
ds2 = Ω2|dz|2 = Ω(r)2(dr2 + r2dϕ2) , (3.1)
where z = reiϕ. Let us define the vector field
W := ∂ϕ . (3.2)
Let us use the hat to indicate frame indices. Then
Wzˆ = − iz
2
Ω , Wzˆ =
iz
2
Ω , (3.3)
7Even if we keep the absolute value symbol the result (1.1) remains valid. Note that Ξ1 is an odd integer.
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Following [6] we consider the SUSY parameters(
ǫ−
ǫ+
)
=
(
aWzˆ
1
)
,
(
ǫ−
ǫ+
)
=
(
1
−aWzˆ
)
, (3.4)
where the omega-deformation parameter a is an arbitrary constant. The gravitino
variations vanish when8
ARµ =
1
2
ωµ , H = a
2
ǫµν∂µWν , H = 0 . (3.5)
In order to preserve SUSY, we require that δλ± = 0, δλ± = 0. These conditions
can be rewritten, with rotational symmetry (W -invariance) assumed, as
D − ∂rvϕ
rΩ2
=
1
rΩ2
∂r
(
2σ
a
)
, D +
∂rvϕ
rΩ2
=
1
rΩ2
∂r
(a
2
r2Ω2σ
)
. (3.6)
They are solved by
D =
1
rΩ2
∂r
(σ
a
+
a
4
r2Ω2σ
)
, ∂rvϕ = ∂r
(
−σ
a
+
a
4
r2Ω2σ
)
(3.7)
with σ and σ being arbitrary functions of r.
References [7, 8] found the formal expression for the one-loop determinant
ZA-twist, Ω, sphere1-loop “=”
∞∏
n=0
σ + (n+ 1− B+q2 )a
σ + (n+ B+q2 )a
. (3.8)
Here the constant σ is defined by the relations σ(north pole(r = 0)) = σ + B2 a,
σ(south pole) = σ − B2 a. We assume that the gauge flux for U˜(1)PV vanishes, so that
the associated quantities Λ and Λ, corresponding to σ and σ respectively, coincide.
The PV-regularized version of (3.8) is then
ZA-twist, Ω, sphere1-loop, reg =
∞∏
n=0
σ + (n+ 1− B+q2 )a
σ + (n+ B+q2 )a
∏
j
σj + (n+ 1− bjB+cjq2 )a
σj + (n+
bjB+cjq
2 )a
 , (3.9)
where
σj = ajΛ+ bjσ . (3.10)
As in the previous section we rewrite this using gamma functions:
ZΩ-A1-loop, reg =
Γ(σ
a
− 1 + B+q2 )
Γ(σ
a
− B+q2 )
∏
j
(
Γ(
σj
a
− 1 + bjB+cjq2 )
Γ(
σj
a
− bjB+cjq2 )
)ǫj
. (3.11)
8In our convention ωz = iωz
zˆ
zˆ, ωz = −iωzzˆ zˆ , where ωab = dxµωµab is the usual spin connection deter-
mined by dea + ωab ∧ eb = 0.
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Let us assume here that Λ > 0. We find
ZA-twist, Ω, sphere1-loop, reg = C0e
C1B+C3q+
pii
2
(Ξ1B+Ξ3q−Ξ4)
×
(
Λ
a
)1−B−q Γ(σ
a
− 1 + B+q2 )
Γ(σ
a
− B+q2 )
(1 +O(1/Λ)) .
(3.12)
The counterterm action can be evaluated in the background configuration by re-
ducing it to the integral of a total derivative expression. The resulting on-shell value
of the master counterterm is such that
e−Sct = C−10
( µ
Λ
)1−q−B
e−BC1−C3q−
pii
2
(Ξ1B+Ξ3q−Ξ4) . (3.13)
The physical renormalized action contributes simply e−Sren = e+2πr(µ)B . Putting ev-
erything together, we see that the Λ-dependence of the one-loop partition function
drops out as it should:
ZA-twist, Ω1-loop = lim
Λ→∞
e−Srene−SctZA-twist, Ω, sphere1-loop, reg
=
( µ
ia
)1−q−B
e2πr(µ)B
Γ(σ
a
− 1 + B+q2 )
Γ(σ
a
− B+q2 )
.
(3.14)
4 Discussion
In this paper we applied the Pauli-Villars regularization to particular one-loop diver-
gences arising from chiral multiplets in two dimensions. The Pauli-Villars method has
been used in other supersymmetric contexts; see for example [9, 10] and the references
therein.
It may be possible and useful to use the central charges, i.e., the charges for the
graviphotons, as the large masses for the Pauli-Villars regulator fields. Such a scheme
would be more conventional in the sense that the counterterms will depend on the
physical vector and gravity multiplets, but not on the Pauli-Villars vector multiplets
we introduced in Section 1.1. A drawback is that we cannot completely recycle the
one-loop computations that already exist in the literature because we need to know
the dependence on the central charge z. The drawback may not be significant because
the dependence on the central charge is expected to be essentially the same as the
dependence on the twisted mass. In particular in the index theory approach, the one-
loop determinant is computed from the square of the localizing supercharge, in which
the central charge enters in the same way as the twisted mass [6]. Another complication
is that the graviphotons and the central charge are not completely independent because
they must obey flux quantization conditions [6].
In what sense are our results supersymmetric? In the given rigid limit of super-
gravity, the preserved supersymmetries are restricted and finite dimensional. Our
regularization method and the counterterms are invariant under such rigid supersym-
metry transformations. Our regularization scheme, however, has manifest invariance
in somewhat more general circumstances as we now explain.
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In principle, our regularizations and counterterms are applicable in general, not
necessarily supersymmetric, backgrounds. Without regularization and countertrerms,
integrating out matter supermultiplets produces, in an intermediate step, a cut-off de-
pendent expression9 that is manifestly invariant under general supersymmetry trans-
formations. In general the UV cut-off Λ(x) itself transforms and is position dependent.
In the limit Λ(x) → +∞, we expect to obtain a finite functional (1.7) for the back-
ground gravity and gauge supermultiplets. The point is that this functional is invariant
under the general supergravity transformations of the multiplets. The result of a local-
ization computation as described in the previous paragraph is a specialization of the
functional to the specific supersymmetric background.
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A Rigid N = (2, 2) SUSY in curved spacetime
In [6], quantum field theories coupled to a version of two-dimensional N = (2, 2)
supergravity were studied. The version of supergravity coincides with the dimensional
reduction of four-dimensional N = 1 new minimal supergravity, and as such it requires
the presence of a U(1) R-symmetry. We adapt the convention such that it is the vector
R-symmetry. The formulas in this section are for rigid SUSY: they are obtained from
those of Appendix B by setting gravitini, their variations, ezˆz, and e
zˆ
z to zero.
A.1 SUSY transformations
The SUSY transformations are related to the supercharges as
δ = iǫ+Q− − iǫ−Q+ − iǫ+Q− + iǫ−Q+ . (A.1)
9This is the right hand side of (1.7) before taking the limit.
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From [6] and in the convention of [11], we have the following supersymmetry transfor-
mations for a vector multiplet in the Wess-Zumino gauge:
δvzˆ = − i
2
ǫ−λ− − i
2
ǫ−λ− , δvzˆ = +
i
2
ǫ+λ+ +
i
2
ǫ+λ+ ,
δσ = −iǫ−λ+ − iǫ+λ− , δσ = −iǫ−λ+ − iǫ+λ− ,
δλ− = +iǫ−
(
D + 2ivzˆzˆ −Hσ −
1
2
[σ, σ]
)
− 2ǫ+Dzˆσ ,
δλ+ = +iǫ+
(
D − 2ivzˆzˆ −Hσ +
1
2
[σ, σ]
)
+ 2ǫ−Dzˆσ ,
δλ− = −iǫ−
(
D − 2ivzˆzˆ −Hσ −
1
2
[σ, σ]
)
− 2ǫ+Dzˆσ ,
δλ+ = −iǫ+
(
D + 2ivzˆzˆ −Hσ +
1
2
[σ, σ]
)
+ 2ǫ−Dzˆσ ,
δD = Dzˆ(ǫ+λ+ − ǫ+λ+)−Dzˆ(ǫ−λ− − ǫ−λ−)
+
i
2
[σ, ǫ+λ− − ǫ−λ+]− i
2
[σ, ǫ+λ− − ǫ−λ+] .
(A.2)
For chiral and anti-chiral multiplets the transformations are
δφ = +ǫ+ψ− − ǫ−ψ+ , δφ = −ǫ+ψ− + ǫ−ψ+ ,
δψ− = ǫ−F − ǫ−
(
z− σ − q
2
H
)
φ+ 2iǫ+Dzˆφ ,
δψ+ = ǫ+F + ǫ+
(
z− σ − q
2
H
)
φ+ 2iǫ−Dzˆφ ,
δψ− = ǫ−F − ǫ−φ
(
z− σ − q
2
H
)
− 2iǫ+Dzˆφ ,
δψ+ = ǫ+F + ǫ+φ
(
z− σ − q
2
H
)
− 2iǫ−Dzˆφ ,
δF = −
(
z− σ − q
2
H
)
ǫ+ψ− −
(
z− σ − q
2
H
)
ǫ−ψ+
+ 2iǫ+Dzˆψ+ − 2iǫ−Dzˆψ− − i(ǫ+λ− − ǫ−λ+)φ .
δF = +ǫ+ψ−
(
z− σ − q
2
H
)
+ ǫ−ψ+
(
z− σ − q
2
H
)
+ 2iǫ+Dzˆψ+ − 2iǫ−Dzˆψ− − iφ(ǫ+λ− − ǫ−λ+) .
(A.3)
Similarly, fields in twisted chiral and anti-chiral multiplets transform as
δv = ǫ+χ− − ǫ−χ+ ,
δχ− = 2iǫ+Dzˆv + ǫ−E , δχ+ = 2iǫ−Dzˆv + ǫ+E ,
δE = 2iǫ+Dzˆχ+ − 2iǫ−Dzˆχ− .
(A.4)
δv = −ǫ+χ− + ǫ−χ+ ,
δχ− = −2iǫ+Dzˆv + ǫ−E , δχ+ = −2iǫ−Dzˆv + ǫ+E ,
δE = 2iǫ+Dzˆχ+ − 2iǫ−Dzˆχ− .
(A.5)
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A.2 Relations between multiplets
An abelian gauge multiplet gives rise to twisted chiral and twisted anti-chiral multiplets,
indicated by superscript “ga”:
vga = σ , χga− = −iλ− , χga+ = iλ+ ,
Ega = D + 2ivzˆzˆ −Hσ .
(A.6)
vga = σ , χga− = iλ− , χ
ga
+ = −iλ+ ,
E
ga
= D − 2ivzˆzˆ −Hσ .
(A.7)
Holomorphic and anti-holomorphic functions W˜ (v(j)) and W˜ (v(j)) give rise to twisted
chiral and twisted anti-chiral multiplets
vW˜ := W˜ , χW˜− := χ
(j)
− ∂jW˜ , χ
W˜
+ := χ
(j)
+ ∂jW˜ ,
EW˜ := E(j)∂jW˜ + χ
(i)
− χ
(j)
+ ∂i∂jW˜ .
(A.8)
A.3 Supersymmetric actions
A.3.1 Chiral multiplet
For the chiral multiplet, the supersymmetric UV action is
Schi =
∫
d2x
√
g
[
2DzˆφDzˆφ+ 2DzˆφDzˆφ− φDφ+ φ
(
q
4
R+
z
2
H + z
2
H
)
φ
+ φ(σ − z + q
2
H)(σ − z + q
2
H)φ+ 2iψ+Dzˆψ+ − 2iψ−Dzˆψ−
+ ψ+
(
σ − z + q
2
H
)
ψ− + ψ−
(
σ − z + q
2
H
)
ψ+
+ i
(
ψ−λ+ − ψ+λ−
)
φ+ iφ (λ−ψ+ − λ+ψ−)− FF
]
(A.9)
Here
Dµ = ∇µ + ivµ + iqARµ +
z
2
Cµ − z
2
Cµ . (A.10)
The superpotential coupling for several chiral multiplets (φi, ψi∓, F
i) is
S = −
∫
d2x
√
g
[
F j∂iW + ψ
i
−ψ
j
+∂i∂jW + F
j
∂iW − ψi−ψj+∂i∂jW
]
. (A.11)
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A.3.2 Vector multiplet
For the vector multiplet, the action is
Svec =
∫
d2x
√
gTr
[
DzˆσDzˆσ +DzˆσDzˆσ +
1
8
[σ, σ]2
+
1
2
(
−2ivzˆzˆ +
1
2
Hσ − 1
2
Hσ
)2
− 1
2
(
−D + 1
2
Hσ + 1
2
Hσ
)2
+ iλ+Dzˆλ+ − iλ−Dzˆλ− +
1
2
λ−[σ, λ+] +
1
2
λ+[σ, λ−]
]
.
(A.12)
We also have the FI-term
SFI = r
∫
d2x
√
gD (A.13)
and the θ-term
Sθ = i
θ
2π
∫
dv . (A.14)
A.3.3 Twisted chiral multiplet
Given a twisted superpotential W˜ (vj) for twisted chiral multiplets (vj , χj−, χ
j
+, E
j), the
corresponding action is given as
S = −
∫
d2x
√
g
(
Ej∂jW˜+χ
i
−χ
j
+∂i∂jW˜+HW˜+Ej∂jW˜−χi−χj+∂i∂jW˜+HW˜
)
. (A.15)
The FI and theta terms above arise from the twisted superpotential
W˜ = − tΣ
4π
. (A.16)
B Full N = (2, 2) supergravity
Earlier papers include [12, 13, 14, 15, 16].
B.1 Supergravity transformations
The symbol Dµ denotes the minimal derivative that is covariant with respect to general
coordinate, local Lorentz, R-symmetry, and central charge transformations. As such it
is constructed from the partial derivative and the appropriate gauge fields only.
In describing supergravity, we often use complex coordinates (xµ) = (z, z) and
the corresponding frame one-forms (vielbein) (ea) = (ezˆ , ezˆ). Thus the Greek indices
µ, ν, . . . are for coordinates, and the Latin indices a, b, . . . are for the frame (or flat, or
tangent space) indices. The latter take a value zˆ or zˆ. The metric takes the form
ds2 = gµνdx
µdxν = ηabe
aeb , (B.1)
(ηab) =
(
0 1/2
1/2 0
)
, ea = eaµdx
µ . (B.2)
13
B.1.1 Gravity multiplet
We work with N = (2, 2) U(1)V supergravity. The vielbein and the graviphotons
transform as
δezˆ z = +2ǫ+ψ+z + 2ǫ+ψ+z , δe
zˆ
z = +2ǫ+ψ+z + 2ǫ+ψ+z ,
δezˆ z = −2ǫ−ψ−z − 2ǫ−ψ−z , δezˆ z = −2ǫ−ψ−z − 2ǫ−ψ−z ,
(B.3)
δCz = +2iǫ+ψ−z + 2iǫ−ψ+z , δCz = +2iǫ−ψ+z + 2iǫ+ψ−z ,
δCz = −2iǫ−ψ+z − 2iǫ+ψ−z , δCz = −2iǫ−ψ+z − 2iǫ+ψ−z .
(B.4)
Using the gamma matrices
γzˆ =
(
0
−1
)
, γzˆ =
(
−1
0
)
, γ =
(
+1 0
0 −1
)
(B.5)
and the conventions
(εαβ) =
(
+1
−1
)
, (ǫα) =
(
ǫ−
ǫ+
)
, ǫγaψµ = ε
αβǫβγ
a
α
γψµγ etc., (B.6)
we can also write
δeaµ = −ǫγaψµ − ǫγaψµ , (B.7)
δCµ = iǫ(1 + γ)ψµ − iǫ(1− γ)ψµ , δCµ = iǫ(1− γ)ψµ − iǫ(1 + γ)ψµ . (B.8)
For the gravitini and the R-symmetry gauge field, we have
δψµ = iDµǫ , δψµ = iDµǫ , (B.9)
δARµ =
1
2
ǫγµγǫ
ρσDρψσ − 1
2
ǫγµγǫ
ρσDρψσ + iψµη − iψµη . (B.10)
We introduced the following notations.
Dµǫ =
(
∂µ + i(ω +K)µ
γ
2
+ iARµ
)
ǫ+ γµη , (B.11)
Dµǫ =
(
∂µ + i(ω +K)µ
γ
2
− iARµ
)
ǫ+ γµη , (B.12)
Kµ := ψµγ
νγψν − ψνγνγψµ , (B.13)
H = −iǫµν∂µCν , H = −iǫµν∂µCν , (B.14)
η := − i
4
Ĥ(1− γ)ǫ+ i
4
Ĥ(1 + γ)ǫ , (B.15)
η := − i
4
Ĥ(1 + γ)ǫ+ i
4
Ĥ(1− γ)ǫ , (B.16)
Ĥ := H + iǫµνψµ(1 + γ)ψν , Ĥ := H + iǫµνψµ(1− γ)ψν . (B.17)
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The equations (B.11) and (B.15) define a covariant derivative Dµ, which acts on a
general spinor with R-charge +1 and appears in other formulas such as (B.10). Simi-
larly Dµ defined by (B.12) and (B.16) acts on a spinor with R-charge −1. When acting
on ψσ and ψσ, the covariant derivatives Dρ and Dρ are defined so that they do not
contain Christoffel symbols.10
B.1.2 Gauge multiplet
δvzˆ = − i
2
ǫ−λ− − i
2
ǫ−λ− + σǫ+ψ−zˆ + σǫ−ψ+zˆ + σǫ+ψ−zˆ + σǫ−ψ+zˆ ,
δvzˆ = +
i
2
ǫ+λ+ +
i
2
ǫ+λ+ + σǫ+ψ−zˆ + σǫ−ψ+zˆ + σǫ+ψ−zˆ + σǫ−ψ+zˆ ,
δσ = −iǫ−λ+ − iǫ+λ− ,
δσ = −iǫ−λ+ − iǫ+λ− ,
δλ− = +iǫ−
(
D + 2iv̂zˆzˆ − Ĥσ −
1
2
[σ, σ]
)
− 2ǫ+DSGzˆ σ ,
δλ+ = +iǫ+
(
D − 2iv̂zˆzˆ − Ĥσ +
1
2
[σ, σ]
)
+ 2ǫ−DSGzˆ σ ,
δλ− = −iǫ−
(
D − 2iv̂zˆzˆ − Ĥσ −
1
2
[σ, σ]
)
− 2ǫ+DSGzˆ σ ,
δλ+ = −iǫ+
(
D + 2iv̂zˆzˆ − Ĥσ +
1
2
[σ, σ]
)
+ 2ǫ−DSGzˆ σ ,
(B.18)
δD = ǫ+Dzˆλ+ − ǫ+Dzˆλ+ − ǫ−Dzˆλ− + ǫ−Dzˆλ−
+
i
2
[σ, ǫ+λ− − ǫ−λ+]− i
2
[σ, ǫ+λ− − ǫ−λ+]
− i
2
Ĥǫ−λ+ − i
2
Ĥǫ−λ+ − i
2
Ĥǫ+λ− − i
2
Ĥǫ+λ−
+ ǫµν(σǫ−Dµψ+ν − σǫ+Dµψ−ν − σǫ−Dµψ+ν − σǫ+Dµψ−ν) .
(B.19)
We defined the SUSY covariant gauge field strength
v̂zˆzˆ := vzˆzˆ −
1
2
(
ψ+zˆλ+ + ψ+zˆλ+ + ψ−zˆλ− + ψ−zˆλ−
)
− 1
2
σǫµνψ+µψ−ν −
1
2
σǫµνψ−µψ+ν .
(B.20)
10The same is true for the four-dimensional new minimal supergravity [17]. If we included the torsionless
Christoffel symbol constructed from the metric (or the vielbein) in Dρ and Dρ they would cancel out in
ǫρσDρψσ. Thus the formula (B.10) is generally covariant. If we included the Christoffel symbol corresponding
to ωµ +Kµ which has torsion, it would contribute, but this would be the wrong definition.
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B.1.3 Chiral and anti-chiral multiplets
δφ = +ǫ+ψ− − ǫ−ψ+ , δφ = −ǫ+ψ− + ǫ−ψ+ ,
δψ− = ǫ−F − ǫ−
(
z− σ − q
2
Ĥ
)
φ+ 2iǫ+DSGzˆ φ ,
δψ+ = ǫ+F + ǫ+
(
z− σ − q
2
Ĥ
)
φ+ 2iǫ−DSGzˆ φ ,
δψ− = ǫ−F − ǫ−φ
(
z− σ − q
2
Ĥ
)
− 2iǫ+DSGzˆ φ ,
δψ+ = ǫ+F + ǫ+φ
(
z− σ − q
2
Ĥ
)
− 2iǫ−DSGzˆ φ ,
δF = −
(
z− σ − q
2
Ĥ
)
ǫ+ψ− −
(
z− σ − q
2
Ĥ
)
ǫ−ψ+
+ 2iǫ+DSGzˆ ψ+ − 2iǫ−DSGzˆ ψ− − i(ǫ+λ− − ǫ−λ+)φ
− qǫµν(ǫ+Dµψ−ν + ǫ−Dµψ+ν)φ ,
δF = +ǫ+ψ−
(
z− σ − q
2
Ĥ
)
+ ǫ−ψ+
(
z− σ − q
2
Ĥ
)
+ 2iǫ+DSGzˆ ψ+ − 2iǫ−DSGzˆ ψ− − iφ(ǫ+λ− − ǫ−λ+) .
+ qǫµν(ǫ+Dµψ−ν + ǫ−Dµψ+ν)φ .
(B.21)
B.1.4 Twisted chiral and anti-chiral multiplets
δv = ǫ+χ− − ǫ−χ+ ,
δχ− = 2iǫ+DSGzˆ v + ǫ−E , δχ+ = 2iǫ−DSGzˆ v + ǫ+E ,
δE = 2iǫ+DSGzˆ χ+ − 2iǫ−DSGzˆ χ− ,
(B.22)
δv = −ǫ+χ− + ǫ−χ+ ,
δχ− = −2iǫ+DSGzˆ v + ǫ−E , δχ+ = −2iǫ−DSGzˆ v + ǫ+E ,
δE = 2iǫ+DSGzˆ χ+ − 2iǫ−DSGzˆ χ− .
(B.23)
Here DSGa = eaµDSGµ denotes the derivative that is covariant with respect to SUSY11
as well as the bosonic gauge symmetries. It is defined as
DSGµ := Dˆµ + iδ(ψµ, ψµ) , (B.24)
where Dˆµ uses the modified spin connection ωµ+Kµ, and δ(ψµ, ψµ) denotes the SUSY
transformation with the parameters (ǫ−, ǫ+, ǫ−, ǫ+) replaced by (ψ−µ, ψ+µ, ψ−µ, ψ+µ).
B.2 SUSY covariant curvatures
The following quantities are covariant with respect to supersymmetry: their variations
depend on the SUSY parameters algebraically and do not involve their derivatives.
11By SUSY covariance we mean that the SUSY variation of DSGµ acting on a matter field does not contain
derivatives of ǫ or ǫ.
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The graviphoton field strengths Ĥ and Ĥ receive corrections that involve gravitini
as in (B.17). Similarly the gauge field strength vµν = ∂µvν − ∂νvµ + i[vµ, vν ] is SUSY-
covariantized as in (B.20). The SUSY covariantization of the Ricci scalar is
R̂ = R+ 2ǫµν∂µKν + iǫ
µνψµ[Ĥ(1 + γ) + Ĥ(1− γ)]ψν
+ 2iǫµνψµγνDρψσǫρσ + 2iǫµνψµγνDρψσǫρσ .
(B.25)
We also have
F̂Rµν = F
R
µν +
i
2
ψ[µ[Ĥ(1 + γ)− Ĥ(1− γ)]ψν]
− iψ[µγν]γǫρσDρψσ + iψ[µγν]γǫρσDρψσ .
(B.26)
The gravitino field strengths ǫρσDρψσ and ǫρσDρψσ that appear in various places are
also SUSY covariant.
B.3 Relations between multiplets
B.3.1 Twisted chiral and twisted anti-chiral multiplets from the grav-
ity multiplet
The following fields constructed from the gravity multiplet forms a twisted chiral mul-
tiplet:
vgr = Ĥ , χgr− = +2ǫµνDµψ−ν , χgr+ = −2ǫµνDµψ+ν ,
Egr = −1
2
R̂− ǫµν F̂Rµν − ĤĤ .
(B.27)
Similarly,
vgr = Ĥ , χgr− = +2ǫµνDµψ−ν , χgr+ = −2ǫµνDµψ+ν ,
E
gr
= −1
2
R̂+ ǫµνF̂Rµν − ĤĤ .
(B.28)
form a twisted anti-chiral multiplet.
B.3.2 Gauge multiplet from the gravity multiplet
We can also construct a gauge multiplet (R-symmetry gauge multiplet) from the gravity
multiplet:
vRµ = A
R
µ , σ
R =
1
2
Ĥ , σR = 1
2
Ĥ ,
λR− = +iǫ
µνDµψ−ν , λR+ = −iǫµνDµψ+ν ,
λ
R
− = −iǫµνDµψ−ν , λR+ = +iǫµνDµψ+ν
DR = −1
4
R̂ .
(B.29)
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B.3.3 Twisted chiral multiplet from the abelian gauge multiplet
An abelian gauge multiplet gives rise to twisted chiral and twisted anti-chiral multiplets,
indicated by superscript “ga”:
vga = σ , χga− = −iλ− , χga+ = iλ+ ,
Ega = D + 2iv̂zˆzˆ − Ĥσ .
(B.30)
vga = σ , χga− = iλ− , χ
ga
+ = −iλ+ ,
E
ga
= D − 2iv̂zˆzˆ − Ĥσ .
(B.31)
B.3.4 Twisted chiral multiplet for a holomorphic function
Given a holomorphic function W˜ (v(j)) of scalars v(j) in several twisted chiral multiplets,
we get a new twisted chiral multiplet
vW˜ := W˜ , χW˜− := χ
(j)
− ∂jW˜ , χ
W˜
+ := χ
(j)
+ ∂jW˜ , (B.32)
EW˜ := E(j)∂jW˜ + χ
(i)
− χ
(j)
+ ∂i∂jW˜ . (B.33)
B.4 Supergravity actions
Let e denote the determinant of the vielbein eaµ. The actions∫
d2x e
(
E + 2ψ+zˆχ+ − 2ψ−zˆχ− + Ĥv
)
(B.34)
and ∫
d2x e
(
E + 2ψ+zˆχ+ − 2ψ−zˆχ− + Ĥv
)
. (B.35)
are invariant under SUSY transformations up to total derivatives.
C Renormalizing the FI parameter in flat space
Since renormalization is a UV phenomenon, one should be able to understand it in flat
space. In this appendix we study the one-loop renormalization of the FI parameter in
flat space.
We first note that the auxiliary field D couples to the chiral multiplet only through
the −φDφ term in (A.9). For simplicity, let us turn off the central as well as the
R-charges, and assume that σ and Λ are constant. For small D and in flat space we
have
ZPV1-loop ≃ ZPV1-loop
∣∣∣
D=0
(
1 +
∫
d2x〈φφ〉PVD
)
. (C.1)
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Here 〈φφ〉PV is the two-point function at the coincident points, regularized by the
Pauli-Villars method:
〈φφ〉PV =
∫
d2k
(2π)2
∑
J
ǫJbJ
k2 + |aJΛ+ bJσ|2 . (C.2)
The integral converges absolutely because
∑
J ǫJbJ = 0. We then find
〈φφ〉PV = − 1
2π
∑
J
ǫJbJ log |aJΛ+ bJσ|
=
1
2π
log |Λ/σ| − C1
2π
+O(Λ−1) .
(C.3)
Thus the effective FI coupling (the coefficient of D/2π in − logZ) is
reff = r0(Λ)− log |Λ/σ| + C1 . (C.4)
The dependence of r0 on Λ must be such that this combination is finte as Λ → ∞.
We fix the finite part by demanding that out effective FI coupling reff coincides with
that found in [3]: reff = r(µ) + log(|σ|/µ). This gives the relation (1.11) between the
renormalized and the bare FI parameters.
Though our regularization method differs from that of [3], the difference is ac-
counted for by the counterterms, yielding the equivalent renormalized theory.
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